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Influence of assisted hopping interaction on the linear conductance of quantum dot
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1Faculty of Mathematics and Natural Sciences, University of Rzeszo´w, PL-35-310 Rzeszo´w, Poland
We study the tunneling conductance and magnetization of a correlated quantum dot coupled
to external metallic leads, considering the occupancy dependent hybridization. Using a modified
equation of motion approach and self-consistent perturbation theory we show that the assisted
hopping processes can be responsible for appearance of a plateau in the linear conductance. This
process breaks the particle-hole symmetry and is manifested in conductance and magnetization. In
presence of the external magnetic field the correlated hybridization enhances the spin polarization.
I. INTRODUCTION
Electronic transport through quantum dots (QD) or
single electron transistors (SET) has recently been widely
studied, both experimentally [1–5] and theoretically [6–
12]. It has a perspective for applications in modern
electronics (spintronics) based on nanoscopic structures.
These systems can be analyzed within the single impu-
rity Anderson model (SIAM), which allows to investigate
many interesting phenomena, e.g. the Coulomb blockade
or the Kondo effect. Using the SIAM one can explain a
narrow peak appearing at the Fermi energy in the den-
sity of states of the quantum dot, a zero-bias maximum
in differential conductance and its splitting in a magnetic
field.
In this work we study the influence of assisted hop-
ping effect on the differential conductance. The assisted
hopping term, ∆Vkα, is widely used to describe the prop-
erties of the bulk systems [13–30]. This interaction was
used as the mechanism responsible for the hole high tem-
perature superconductivity [14, 15], the metal-insulator
transition [13, 16–18], the charge-density wave and the
spin-density wave [19, 30]. The assisted hopping inter-
action was also often used to describe the metallic fer-
romagnetism [20–24, 29]. The results presented in these
articles show strong enhancement of the ferromagnetic
ordering by the term ∆Vkα. One special feature of this
interaction is that even for the symmetrical density of
states (DOS) it breaks the symmetry with respect to the
half-filling carrier concentration point. Estimates for the
assisted hopping interaction energy showed that this in-
teraction is comparable to or larger than a magnitude of
the direct hopping of real systems [31].
The assisted hopping interaction was also used to de-
scribe the transport properties of the nanodevices [32–
37]. Meir and co-authors [32] proposed to use this in-
teraction to explain the ”0.7 anomaly” in the quantum
point contacts linear conductance. This interaction also
affects the off-diagonal pairing correlations in the An-
derson impurity model [34]. It also strongly affects the
thermoelectric effect [35]. Lin et al. [37] used this in-
teraction to describe the properties of molecular transis-
∗ ggorski@ur.edu.pl
† kkucab@ur.edu.pl
tors, by means of the numerical renormalization group
method. They showed that the correlated hybridization
breaks the particle-hole symmetry for Kondo tempera-
ture and for the linear conductance. However, their re-
sults do not show the generation of ”0.7 anomaly” in the
conductance, as was postulated in [32]. This can be due
to the use of strong Coulomb interaction (U/Γ = 10). For
the quantum point contacts the plateau was frequently
observed, both for the temperature dependent [38–40]
and the magnetic field dependent conductances [38, 41].
In this work we will show that for extended SIAM model,
where the correlated hybridization is taken into account,
one can obtain the conductance plateau both for the de-
pendence on the temperature and on the magnetic field.
In contrast to [37] we will use the weaker Coulomb inter-
action. The experimental data for a quantum dot shows
the existence of conductance plateau for strongly coupled
quantum dots [1, 2].
This paper is organized as follows: in Section 2 we de-
velop our approach to analyze the single impurity Ander-
son model. Using the modified EOM approach [42, 43]
and modified perturbation theory [7, 44–46] we obtain
expressions for the self-energy and the Green function in
the presence of Coulomb repulsion. In this section we
also show the influence of assisted hopping interaction
on the quantum dot self-energy. In Section 3 we present
the numerical results based on our approach. At first
we focus on the case without magnetic field. Calculating
the dot Green function we obtain the spectral function
for the quantum dot, the zero-bias linear conductance
as a function of the dot energy and the differential con-
ductance dI/dV as a function of the bias voltage. The
dependence of the linear conductance on the temperature
is also analyzed. It is shown that the increase of temper-
ature reduces the value of differential conductance. We
also show that the assisted hopping interaction can cause
the formation of linear conductance plateau. The value
of G0 for which the plateau occurs will depend on the
Coulomb interaction and the assisted hopping interac-
tion. The increase of both, the Coulomb and assisted
hopping interaction causes the decrease of G0 for which
the plateau occurs. We show, that for strong correla-
tion the plateau of linear conductance can be difficult
to observe. In the second part of Section 3 we present
the results for magnetization and the linear conductance
as a function of external magnetic field B. Our results
2are compared with the experimental data and previous
calculations. The summary and conclusions are given in
Section 4.
II. THE MODEL
We consider the correlated QD coupled to two metal-
lic leads. In our model we assume that the strength of
this interaction will depend on the QD occupation de-
scribed by the effective hopping operator Vˆ effkασ = Vkα +
∆Vkαnˆd−σ, where Vkα and ∆Vkα is the coupling and as-
sisted coupling between the α lead and the dot, respec-
tively. For further analysis we will assume that the as-
sisted coupling is described by the assisted coupling pa-
rameter αV via the relation ∆Vkα = αV Vkα. The Hamil-
tonian of our model has the form
H =
∑
σ
εdσnˆdσ + Unˆd↑nˆd↓ +
∑
kσ
α=L,R
(εkα − µα)nˆkασ
+
∑
kσ
α=L,R
[
Vkα(1 + αV nˆd−σ)d
†
σckασ + h.c.
]
, (1)
where d†σ(dσ) are the creation (annihilation) operators for
the dot electron with spin σ, c†kασ(ckασ) are the creation
(annihilation) operators for the conduction lead electron,
α = L,R corresponds to the left and right leads, εkα
is the energy dispersion of α lead, µα is the chemical
potential of α lead, U is the on-site Coulomb interaction
between electrons on the dot and εdσ is the dot energy.
In external magnetic field the dot energy is split into two
dot energies εd↑ = εd−B and εd↓ = εd+B by the Zeeman
energy 2B = gµBH .
We will calculate the impurity Green’s function
Gdσ(ω) = 〈〈dσ; d
†
σ〉〉ω and its self-energy Σdσ(ω) using
the modified equation of motion method [42, 43]. In
this method the two-time Green’s function is differen-
tiated over the first and the second time variable. As the
result, after Fourier transform, we obtain the following
(fully equivalent) equations of motion:
ω〈〈A;B〉〉ω = 〈[A,B]±〉+ 〈〈[A,H ]−;B〉〉ω (2)
and
−ω〈〈A;B〉〉ω = − 〈[A,B]±〉+ 〈〈A; [B,H ]−〉〉ω , (3)
where A,B are fermionic (bosonic) operators and ± de-
notes anticommutator and commutator, respectively.
The equation of motion method (EOM) is a well-
established method to analyze the transport properties
of quantum dot systems [8, 9, 11, 47–52]. In a clas-
sical form of this method, to obtain the quantum dot
Green’s function one uses only the equation (2). This
method was used for equilibrium and non-equilibrium
case. For uncorrelated quantum dot (U = 0) and in
the equilibrium case this equation gives the exact results,
but for the Hamiltonian which includes U interaction, the
computation of single-particle Green’s function generates
additional higher-order Green functions. As the result,
we obtain the infinite hierarchy of EOM of higher-order
Green functions. Standard approximation for classical
EOM method, based on the Lacroix decoupling scheme
[53], truncates the EOM hierarchy at second order in hy-
bridization term. The use of this approximation causes
that the classical EOM method gives wrong results in
the particle-hole symmetric case, because it causes the
disappearance of the Kondo peak. As the result, in this
case the linear conductance takes relatively small values
and the unitary limit for the linear conductance is not
reached. The discussion of shortcomings of the classical
EOM approach is presented by Levy and Rabani [51].
In order to reduce the disadvantages of the classical
EOM method, there were made attempts to apply the
approximation based on a truncation of the equations of
motion at the fourth order in hybridization term [48, 49],
however, even at such a high order of Green functions,
the results are not fully satisfying.
The modified equation of motion method (see A) pro-
posed by us is based on the use of the second form of
equation (3) to obtain the higher-order Green’s function.
The equation of motion method with the differentiation
over the first and the second time variable was intro-
duced by Tserkovnikov [54]. Additionally, we use the
irreducible Green functions method [55] in which the ap-
proximations can be generated not by truncating the set
of coupled equations of motion but by a specific approx-
imation of the functional form of the higher-order irre-
ducible Green functions. As the result, we obtain the
U2 order self-energy. For the modified equation of mo-
tion method the Kondo resonance peak is visible for both
the particle-hole symmetric case (nd = 1) and for the
asymmetric case. For the particle-hole symmetric case
the unitary limit for the linear conductance is satisfied.
Moreover, the results for the linear conductance obtained
by the use of this method are qualitatively similar to the
results obtained by the numerical renormalization group
and quantum Monte Carlo calculations (see [43]).
Using Eqs. (2), (3) and the Hamiltonian (1) we ob-
tain the expression for the quantum dot Green’s function,
Gdσ(ω), which has the following form [43, 56]:
Gdσ(ω) =
1
ω − εdσ − iΓeffσ (ω)− Σdσ(ω)
, (4)
where the quantum dot self-energy
Σdσ(ω) = Und−σ +Bσ +Σ
′
dσ(ω) (5)
is a sum of the Hartree-Fock part of Coulomb correlation
Und−σ, the correlation parameter Bσ related to the as-
sisted hopping interaction and the higher order part of
self-energy Σ
′
dσ(ω). The expression Γ
eff
σ (ω) is the effective
hybridization function given by
Γeffσ (ω) = Im
∑
k
α=L,R
(
V effkασ
)2
ω − εkα
, (6)
3where we introduced the effective hybridization matrix
element V effkασ = Vkα (1 + αV nd−σ). If we assume that
the hybridization matrix element, Vkα, is k-independent,
we obtain:
Γeffσ (ω) = (1 + αV nd−σ)
2
× pi
[
|VR|
2
ρσR(ω) + |VL|
2
ρσL(ω)
]
, (7)
where ρσα(ω) is the density of states of α lead for
spin σ. Within the wide band approximation the cou-
plings become energy independent, Γeffσ (ω) = Γ
eff
σ =
(1 + αV nd−σ)
2 Γ .
The correlation parameter Bσ, appearing in Eq. (5),
can be written as [56]:
Bσ = −
∑
kα
2∆Vkα (8)
×
∞∫
−∞
1
pi
Im
(
V effkασ
ω − εkα + µσ
〈〈dσ ; d
+
σ 〉〉ω
)
f(ω)dω.
The second order self-energy of the quantum dot,
Σ
′
dσ(ω), is given by the expression B:
Σ
′
dσ(ω) =
Σ
(2)
dσ (ω)
1 +A1Σ
(2)
dσ (ω)
, (9)
where Σ
(2)
dσ (ω) is the second order self-energy
Σ
(2)
dσ (ω) =
i
2pi
∞∫
−∞
dx
Σ
(2)>
dσ (x) − Σ
(2)<
dσ (x)
ω − x+ iη
, (10)
and
Σ
(2)><
dσ (x) = U
2 1
(2pi)2
(11)
×
∫∫
g<>d−σ(y)g
><
d−σ(z)g
><
dσ (x − z + y)dydz.
The functions g<>d−σ in Eq. (12) are the lesser and the
greater Green’s functions, respectively. They can be cal-
culated by the EOM method. To truncate the higher
order GF we will use the Ng approximation [57], which
yields:
g<dσ(x) = −i2pifeff,σ(x)Img
HF
dσ (x), (12)
g>dσ(x) = i2pi(1− feff,σ(x))Img
HF
dσ (x), (13)
where the effective Fermi function is defined as:
feff,σ(x) =
∑
α
Γeffσαf(x− µα)
Γeffσ
. (14)
The effective Green’s function gHFdσ (x) is determined by
the following one-body Hamiltonian
H0 =
∑
σ
εeff,σnˆdσ +
∑
kσ
α=L,R
(εkα − µα)nˆkασ
+
∑
kσ
α=L,R
(
V effkασd
+
σ ckασ + h.c.
)
, (15)
where εeff,σ is the effective quantum dot level selected in
such a way that the charge consistency between the one-
body (15) and the interacting problems (1) is achieved
[44, 58]. The another way of defining the effective quan-
tum dot level is to assume that the Friedel sum rule
should be fulfilled, what gives εeff,σ = εdσ + Σdσ(0)
[46, 59], but this condition is strict for zero temperature
only, and as was shown by Levy Yeyati and co-authors
[12], it is consistent with the constraint 〈n0dσ〉 = 〈ndσ〉.
In our computations we will use this constraint.
III. THE RESULTS
In our numerical analysis we use the symmetrical cou-
pling of the quantum dot with the left and right leads
ΓR = ΓL = Γ/2. For the Coulomb interaction we use the
value U = 5Γ. The experimentally estimated values of
U are typically near U/Γ = 2 [2], 4.5 [1] up to U/Γ = 7
[4, 60]. In addition, we assume that the average chemical
potential of leads fulfills the relation µL + µR = 0 and
depends on the bias voltage µL − µR = eV . To analyze
the influence of assisted coupling parameter αV on the
transport and magnetic properties of quantum dot we
will use the negative values of this parameter. Accord-
ing to Eq. (7), the negative value of αV suppresses the
effective coupling with leads.
The assisted hopping term (correlated hopping) for the
transition metal was estimated (first by Hubbard) to the
value 0.5eV [13]. This estimation gives the value of as-
sisted coupling parameter of the order of 0.3 to 1. For
the superconductivity there was used a value of αV of
the order of 0.3 to 0.4 [14, 15]. To describe the transi-
tion between bond-order-wave and ferromagnetic ground
states Campbell et al. used αV of the order of 0.1 to
0.2 [30]. Vollhardt and co-authors [24–26] have shown,
that the itinerant ferromagnetism can be obtained for
0 < αV < 1. In our analysis we will use |αV | ≤ 0.5. For
such a value of assisted coupling parameter one can use
the mean-field approximation.
A. The case without magnetic field
In Fig. 1 we present the spectral function of quantum
dot as a function of the assisted coupling parameter αV
for the quantum dot energy εd = −U/2. If we do not take
into account the assisted coupling (αV = 0), we obtain
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FIG. 1. The normalized spectral function of quantum dot in
function of the assisted coupling parameter αV for the quan-
tum dot energy εd = −U/2 and T = 0.
the symmetrical spectral function with Kondo peak local-
ized near ω = 0. For the negative values of assisted cou-
pling parameter αV we observe the increase of spectral
function for the Kondo peak. The maximum of spectral
function shifts towards larger energies, ω > 0. Simultane-
ously, there is a decrease of the Kondo resonance width,
because of the decrease of effective coupling with leads
Γeffσ (see Eq. (7)).
Because the Kondo temperature TK depends on the
Kondo resonance width [61], the decrease of effective cou-
pling with leads Γeffσ , due to parameter αV , causes the
decrease of TK value. In Fig. 2 we show the dependence
of Kondo temperature TK (in logarithmic scale), esti-
mated from the half-width at half maximum (HWHM)
of the Kondo resonance at T = 0, as a function of the
quantum dot energy εd for different values of assisted
coupling parameter αV . For αV = 0 the quantum dot
energy dependence of the Kondo temperature is symmet-
rical with respect to εd = −U/2. Near εd = −U/2 the
logarithmic behavior of the Kondo temperature ln (TK)
retains the parabolic character, but for εd = −U and
εd = 0 the parabolic behavior is disturbed. The change
of αV value causes the decrease of Kondo temperature
and additionally the minimum of the TK(εd) dependence
shifts towards εd < −U/2. For αV = −0.3 the minimum
Kondo temperature is shifted towards εd ≈ −0.71U . For
this value of αV parameter, the TK(εd) dependence is not
symmetrical. Tooski et al. [35] shown that the Kondo
temperature depends on the Kondo exchange coupling
constant JK . The assisted coupling parameter reduces
the constant JK and shifts the minimum of TK(εd). The
location of minimum of TK(εd) can be described by the
relation εd = −U/(1 + |1 + 2αV |).
A similar asymmetry of the Kondo temperature was
observed experimentally by Kretinin et al. [1] for the
gate voltage dependence of Kondo temperature. As was
shown in [1], the dot energy depends linearly on the gate
voltage. For the strong values of asymmetric hopping
parameter we can see that the minimum of the Kondo
temperature localizes near (εd +U)/Γ = 1. A similar re-
sult was obtained experimentally for the single-molecule
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FIG. 2. The Kondo temperature (in logarithmic scale) as a
function of the dot energy εd for different values of the assisted
coupling parameter αV .
transistors based on transition-metal complexes [62].
The assisted hopping effect also influences on the trans-
port properties of the quantum dot. The electric cur-
rent is calculated from the general formula for the cur-
rent flowing through a region with interacting electrons
[63, 64]:
I =
2e
~
∑
σ
∫ ∞
−∞
ΓeffσLΓ
eff
σR
Γeffσ
(16)
× [f(ω − µL)− f(ω − µR)] ρdσ(ω)dω.
Equation (16) allows us to obtain the differential con-
ductance dI/dV by numerical differentiation of the total
current. In Fig. 3 we show the differential conductance
at zero bias voltage G0 = dI/dV (V = 0) as a function of
the quantum dot energy εd for different values of assisted
coupling parameter αV and for T = 0. For αV = 0 the
relation G0(εd) is symmetrical around εd = −U/2, i.e.
around the point for which the conductance approaches
the unitary limit value G0 = 2e
2/h reported experimen-
tally [1, 2]. The non-zero value of the assisted coupling
parameter αV causes that the zero-bias differential con-
ductance still fulfills the unitary limit, but for the dot
energy εd < −U/2. The assisted hopping also causes the
symmetry breaking of G0(εd) characteristics, whereas if
we present the dependence of zero-bias differential con-
ductance as a function of the dot occupancy we obtain
the symmetrical character of G0(ndσ).
In Fig. 4 we show the dependence G0(ndσ) for dif-
ferent values of the assisted coupling parameter αV .
For the comparison, we also present the dependence of
G0(ndσ) = 2e
2/h sin2(pindσ) arising from the Friedel sum
rule [1, 7, 65]. The obtained results show that for each
value of the assisted coupling parameter we obtain the
maximum of G0 = 2e
2/h for the half-filling dot oc-
cupancy (ndσ = 0.5). Additionally, our results agree
very well with the theoretical dependence G0(ndσ) =
2e2/h sin2(pindσ).
One of the fundamental issues related to the transport
properties of quantum dots is the temperature depen-
dence of zero-bias differential conductance G(T ). This
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FIG. 3. Zero-bias differential conductance G0 = dI/dV (V =
0) as a function of the dot energy εd for different values of the
assisted coupling parameter αV .
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FIG. 4. The zero-bias differential conductance G0 =
dI/dV (V = 0) as a function of the dot occupancy ndσ for
different values of the assisted coupling parameter αV . For
comparison, we show the theoretical dependence which is con-
sistent with the Friedel sum rule.
dependence was examined experimentally [1, 2] and the-
oretically [66–71]. In our analysis we will focus on the
influence of the assisted coupling parameter αV on the
shape of G(T ) dependence. Meir, Hirose and Wingreen
[32] proposed the occupancy dependent hybridization as
a mechanism which explains the ”0.7 anomaly” plateau of
the zero-bias differential conductance G(T ) for the quan-
tum point contacts.
Figure 5 presents the zero-bias differential conductance
G as a function of the dot energy εd for different tempera-
tures. When the temperature increases, the conductance
becomes suppressed. For αV = 0 (Fig. 5 (a)) the decrease
of the zero-bias differential conductance has symmetrical
character and is especially strong for εd = −U/2. For
large values of temperature we observe the two Hubbard
resonances separated by Coulomb blockade valley.
For αV 6= 0 (Fig. 5 (b)-(d)) we observe the asymmetri-
cal dependence of G(εd). For low values of αV parameter
the asymmetrical dependence of G(εd) is weak. The in-
crease of αV parameter increases the asymmetry of con-
ductance. At αV = −0.3 (Fig. 5 (c)) the maximum of
G(T = 0) is obtained for εd = −0.66U . For εd < −0.66U
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FIG. 5. The zero-bias differential conductance G as a function
of the dot energy εd for different temperatures T/Γ = 0 (top),
0.03, 0.05, 0.08, 0.1, 0.125, 0.15, 0.2, 0.25 (bottom) and for
αV = 0 (a), αV = −0.1 (b), αV = −0.3 (c) and αV = −0.5
(d).
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FIG. 6. The zero-bias differential conductance G as a function
of the temperature T for different values of the dot energy εd
and for αV = −0.3 (a) and αV = −0.5 (b).
the conductance drops faster with temperature than for
εd > −0.66U . For high values of temperature the mag-
nitude of the two Hubbard resonances is not identical.
At T ≈ 0.085Γ there is a conductance plateau around
0.62(2e2/h) (see Fig. 6 (a)). The increase of αV parame-
ter to the value of −0.5 (Fig. 5 (d)) allows for obtaining a
conductance plateau at T ≈ 0.06Γ (see Fig. 6 (b)). The
location of this plateau depends on the U/Γ factor. For
low values of U/Γ the plateau occurs near 0.5(2e2/h),
whereas for strong Coulomb correlation, the plateau is
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FIG. 7. The zero-bias differential conductance G as a function
of the dot occupancy ndσ for different temperatures T/Γ = 0
(top), 0.03, 0.05, 0.08, 0.1, 0.125, 0.15, 0.2, 0.25 (bottom) and
for αV = 0 (a), αV = −0.1 (b), αV = −0.3 (c) and αV = −0.5
(d).
almost invisible. Lin et al. [37], which have used the nu-
merical renormalization group method for U/Γ ≈ 10, did
not observe the conductance plateau even for strong as-
sisted hopping interaction. If we assume that the plateau
of conductance depends on the inter-site interactions (e.g.
assisted hopping interaction), the too strong (dominant)
Coulomb interaction, which destroys the Kondo effect
with increasing temperature very fast, may prevent from
occurring the plateau.
Figure 7 presents the zero-bias differential conductance
G as a function of the dot occupancy ndσ for different
temperatures. At zero temperature, the conductance
behavior is similar to the symmetrical dependence de-
scribed by the G0(ndσ) = 2e
2/h sin2(pindσ) relation (see
Fig. 4). The increase of temperature for high values of αV
parameter causes the asymmetrical dependence of G(nd).
The plateau of conductance is created for ndσ ≈ 0.5, i.e.
close to the symmetric point.
Our results can be compared with experimental data
for InAs nanowire quantum dot obtained by Kretinin et
al. [1]. These authors analyzed the dependence of quan-
tum dot conductance as a function of gate voltage, Vg,
for different temperatures. In that work three regions
of G(Vg) were highlighted and labeled as III, IV and V
Kondo valley. For the valley IV the coupling of quantum
dot with leads is much weaker than for III and V valleys.
The asymmetrical dependence of G(εd), obtained by us
for αV = −0.3 is similar to the G(Vg) dependence for val-
ley V. For valley III the G(Vg) dependence asymmetry is
much stronger. This behavior would require a higher val-
ues of assisted coupling parameter αV . For the IV Kondo
valley the conductance plateau is not visible, while one
can see the strong asymmetry of the Coulomb blockade
peaks. This asymmetry is characteristic for the non-zero
values of assisted coupling parameter αV and for strong
Coulomb interaction [37]. For the linear conductance of
an AlGaAs/GaAs heterostructure [2] the asymmetry is
visible near Vg = −375mV , i.e. in the region of stronger
coupling with leads.
The plateau and asymmetry of conductance is also vis-
ible in experimental results for carbon nanotubes [72].
For large values of Γ and Vg = 3.06 ÷ 3.1V the plateau
of G(Vg) appears at T = 200mK, whereas for smaller
values of Γ (Vg = −3.5÷−3.46V ) the plateau of G(Vg) is
obtained at T = 75mK. Additionally, the strong asym-
metry for G(Vg) dependence appears.
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FIG. 8. Differential conductance GV = dI/dV as a function
of the applied voltage between drain and source for different
values of the temperature and assisted coupling parameter
αV = 0 and εd = −0.5U (a); αV = −0.3 and εd = −0.66U
(b).
In Fig. 8 we show the differential conductance GV =
dI/dV as a function of the applied voltage between drain
and source, for different values of temperature. In the
numerical computations we have used two sets of param-
eters: αV = 0 and εd = −0.5U in Fig. 8(a); αV = −0.3
and εd = −0.66U in Fig. 8(b), which correspond to the
maximum of linear conductance for the corresponding
values of assisted coupling parameter. In both figures
there are visible three maxima of differential conduc-
tance, zero-bias conductance anomaly and two Coulomb
blockade peaks. With increasing temperature the mag-
nitude of zero-bias conductance anomaly strongly de-
creases, while the magnitude of Coulomb blockade peaks
changes slightly. In the case without correlated hy-
bridization (αV = 0), Fig. 8(a), we obtain the larger
width of zero-bias conductance anomaly than for αV =
−0.3 (Fig. 8(b)). The use of non-zero value of assisted
coupling parameter does not cause the symmetry break
of the differential conductance GV = dI/dV . Analyz-
ing the experimental results [1, 2] one can also see the
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FIG. 9. The external magnetic field dependence of the nor-
malized spectral function for εd = −0.5U , T = 0 and two
values of the assisted coupling parameter. The solid black
line corresponds to the majority spin spectral function ρ↑
d
and
the dashed red line corresponds to the minority spin spectral
function ρ↓
d
.
symmetry of differential conductance GV = dI/dV .
B. The effect of magnetic field
Let us now consider the case when the external mag-
netic field, B, is applied to the quantum dot. In the
presence of B the spin-degeneracy is broken and we ob-
tain two dot energies εd↑ = εd −B and εd↓ = εd +B.
In Fig. 9 we show the quantum dot normalized spectral
function for different values of external magnetic field B
and for αV = 0 (Fig. 9(a)) and αV = −0.3 (Fig. 9(b)).
The external magnetic field B causes the splitting of the
Kondo peak. For low values of B the splitting is very
weak and the total spectral function has one, central
peak [1]. For high values of B we obtain the split of
Kondo peak into two subresonances. The reduction of
the total spectral function height occurs. At αV = −0.3
(Fig. 9(b)) one can see that the splitting of Kondo peak
is stronger than for αV = 0. This leads to the stronger
magnetization (see Fig. 10). Comparing Fig. 9(a) and
Fig. 9(b) one can see that for εd = −U/2 and αV = 0 the
spectral functions are symmetrical, but for αV = −0.3
these functions are asymmetrical.
The Kondo peak splitting under the influence of exter-
nal magnetic field was reported in many previous works
[6, 7, 68, 73, 74]. The external magnetic field causes also
the splitting of the Kondo resonance in GV = dI/dV as a
function of the applied voltage between drain and source
[6, 7, 75]. In our analysis the influence of the assisted
hopping effect on the magnetic properties of quantum
dot will be more important.
In Fig. 10 we show the magnetizationm = 〈nd↑〉−〈nd↓〉
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FIG. 10. The magnetization as a function of dot energy εd (a)
and total occupancy nd (b) for different values of the assisted
coupling parameter αV and for B = 0.2Γ.
as a function of dot energy εd (Fig. 10(a)) and total occu-
pancy nd (Fig. 10(b)) for different values of the assisted
coupling parameter αV and for B = 0.2Γ. For αV = 0
(solid black line) we obtain the symmetrical dependence
of m(εd) and m(nd) with its maximum at εd = −U/2
(the particle-hole symmetry point nd = 1). In this case,
when one moves away from the particle-hole symmetry
point, one observes the decrease of magnetization.
The more interesting characteristics of m(εd) and
m(nd) is observed for the non-zero values of the assisted
coupling parameter αV . The assisted hopping effect
causes that the dependencies m(εd) and m(nd) are asym-
metric. For εd > −U/2 we observe the strong growth of
magnetization with the change of αV . This behavior is
due to fact, that the splitting of the dot level, generated
by the external magnetic field, is additionally amplified
by the correlation parameter Bσ [given by Eq. (9)], which
in the ferromagnetic case is spin dependent, B↑ 6= B↓
[56].
Additionally, for αV < 0 the quantum dot density of
states for Kondo peak increases (see Fig. 1)), causing
the additional increase of magnetic moment [56]. For
εd ≈ 0 we observe the decrease of magnetization. For
εd < −U/2 the magnetization enhancement caused by
the assisted hopping effect is weak. In this region the
quantum dot density of states for Kondo peak increases,
but the correlation parameter Bσ decreases the split of
Kondo peak. The competition between these two effects
causes that the magnetization depends mainly on the ex-
ternal magnetic field. In Fig. 10(b) we present the de-
pendence of m(nd). For nd < 1 the magnetization is
strongly enhanced by the assisted hopping effect, but for
nd > 1 the magnetization is dependent on the external
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FIG. 11. The linear conductance G0 as a function of the dot
energy εd at α = 0 (a) and α = −0.2 (b), T = 0and for
different values of magnetic field strength B/Γ = 0 (top), 0.1,
0.15, 0.175, 0.2, 0.25, 0.3, 0.4 (bottom).
magnetic field B only. For small values of B the magneti-
zation shows the Fermi-liquid behavior and grows linearly
with field strength. For larger values of B we obtain the
plateau of m(B) corresponding to the saturated polar-
ization. A similar dependence of magnetization on the
external magnetic field was reported by Heyder and co-
authors [76] for SIAM model and for Kondo quantum
dot.
The dot energy (εd) dependence of the linear conduc-
tance for several values of magnetic field strength and
for T = 0 is presented in Fig. 11. In Fig. 11(a) we show
the relation G0(εd) for αV = 0. The increase of mag-
netic field causes strong decrease of the linear conduc-
tance in the Kondo regime. In the mixed valence regime
this effect is much weaker, but in the the empty orbital
regime we observe the weak increase of the linear con-
ductance [68]. In this case this relation is symmetrical
around εd = −U/2. The decrease of linear conductance
with growing magnetic field is caused by the splitting of
the Kondo peak [7] and decrease of spectra density for
the Fermi level (see Fig. 9).
The non-zero value of assisted coupling parameter
(αV = −0.2) causes that the decrease of linear con-
ductance in the Kondo regime is much stronger (see
Fig. 11(b)) with respect to the results obtained for αV =
0. For large values of magnetic field and for αV = −0.2
the minimum of linear conductance is achieved for the
dot energy near εd = −0.61U . The relation G0(εd) has
asymmetrical character. Stronger decrease of the linear
conductance is observed for εd > −0.61U , i.e. in the re-
gion which corresponds to the strong magnetization (see
Fig. 10(a)). As we have shown earlier, in this region the
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FIG. 12. The linear conductance G0 as a function of the
dot energy εd for B/Γ = 0.2 and different values of assisted
hopping parameter.
Kondo peak splitting effect assisted by the correlation
parameter Bσ is stronger. For εd < −0.61U the reduc-
tion effect of the linear conductance with respect to the
values obtained at αV = 0 is much weaker. The asym-
metry of G0(εd) for different values of external magnetic
field was also obtained for Kondo quantum dot [76]. For
appropriately selected value of magnetic field one can see
the plateau for the linear conductance. This behavior is
analogous to that observed as a function of the temper-
ature.
For the system without external magnetic field the
conductance G0(εd) for αV < 0 can be mapped onto
that αV > 0 by changing εd to −(εd + U) what can
be expressed as G0(αV , εd) = G0(−αV ,−εd − U). The
use of external magnetic field breaks this symmetry. In
Fig. 12 we show the comparison of linear conductance
G0 as a function of the dot energy εd for αV = −0.2
and αV = 0.2. There is also presented the G0(εd) de-
pendence without assisted hopping effect (αV = 0). For
negative value of the assisted hopping parameter we ob-
serve strong decrease of the linear conductance G0. This
effect is highly visible in the Kondo regime, where for
αV < 0 the decrease of G0(εd) is connected to the strong
increase of the magnetic moment, see Fig. 10(a). For
εd < −U the conductance is localized around the values
corresponding to G0(εd) for αV = 0, whereas for εd > 0
we obtain constant difference of G0(εd).
IV. SUMMARY AND CONCLUSIONS
In this paper we analyzed the influence of the assisted
hopping process on the transport and magnetic proper-
ties of the quantum dot coupled with two metallic leads.
Using the modified equation of motion approach and self-
consistent perturbation theory we showed that the as-
sisted hopping process can be responsible for the plateau
in the linear conductanceG(εd) at different values of tem-
perature. Similar plateau was observed for the quantum
point contacts [32] and was reported experimentally for
the nanowire quantum dot [1] and the carbon nanotube
9[72]. This process breaks the particle-hole symmetry of
the zero-bias differential conductance, G0(εd). Addition-
ally, the assisted hopping strongly affects the Kondo tem-
perature and causes the Kondo peak asymmetry.
In presence of the external field, the assisted hopping
process enhances the spin polarization of electrons in
quantum dot. This effect is related to the fact, that the
splitting of the dot level, generated by the external mag-
netic field, is additionally amplified by the correlation pa-
rameter. The correlated hybridization also disturbs the
symmetry of zero-bias conductance G0(εd) in the Kondo
regime for small values of magnetic field. For appropri-
ately selected values of the external field the appearance
of of a plateau in the linear conductance G0(εd) is possi-
ble.
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Appendix A: The modified equation of motion method
The classical EOM method gives the wrong results in the particle-hole symmetric case because it causes the
disappearance of the Kondo peak. In this method, one uses only one version of the equation of motion (with
differentiation over the first time variable (2)). As the result, we obtain an infinite hierarchy of equations of higher
order Green’s functions. Taking into account this fact, one should use the approximation that truncates this hierarchy
and gives a closed set of equations which are self-consistently solvable. In this method, the differentiation over a second
time variable (3) is not used, but we have to pay attention that using only a second version of EOM (3) gives identical
results as in the case when we use the equation (2) only. The modified equation of motion method, proposed by us,
is based on the use of both EOM versions ((2) and (3)). As the first step, we use the Eq. (2). For the correlated
system, we obtain the higher-order Green’s functions, for which (in the second step) we use the second form of EOM
(3).
Applying Eq. (2) to the function 〈〈dσ ; d
†
σ〉〉ω we obtain:
(ω − εd) 〈〈dσ ; d
†
σ〉〉ω = 1 +
∑
kα
Vkα〈〈ckασ ; d
†
σ〉〉ω + U〈〈nˆd−σdσ; d
†
σ〉〉ω
+
∑
kα
αV Vkα〈〈nˆd−σckασ ; d
†
σ〉〉ω +
∑
kα
αV Vkα〈〈
(
d†−σckα−σ + c
†
kα−σd−σ
)
dσ; d
†
σ〉〉ω . (A1)
For the function 〈〈ckασ ; d
†
σ〉〉ω we obtain the equation:
(ω − εkασ + µ)〈〈ckασ ; d
†
σ〉〉ω = Vkα〈〈dσ; d
†
σ〉〉ω + αV Vkα〈〈nˆd−σdσ; d
†
σ〉〉ω (A2)
Next, we will assume that the dominant energy scale is the Coulomb interaction. The assisted coupling between the
α lead and the dot, αV Vkα, will be much smaller than the Coulomb interaction, so for the Green’s functions related
to αV Vkα interaction we use the Hartree-Fock approximation, what causes that Eq. (A2) can be presented as:
(ω − εkσ + µ)〈〈ckσ ; d
†
σ〉〉ω = V
eff
kασ〈〈dσ; d
†
σ〉〉ω (A3)
where V effkασ = Vkα (1 + αV nd−σ) is the effective hybridization matrix element.
For the Green’s functions related to U we will use the irreducible Green’s functions technique [50, 55]
ir〈〈[A,H ]−;B〉〉ω = 〈〈[A,H ]− − zA;B〉〉ω (A4)
where the z constant represents the self-energy in the Hartree-Fock approximation.
The characteristic property of the irreducible Green’s functions ir〈〈[A,H ]−;B〉〉ω is that they cannot be reduced to
the lower-order Green’s functions by any kind of decoupling.
Using the irreducible Green’s functions method we obtain the equations:
(ω − εd − Und−σ −Bσ) 〈〈dσ; d
†
σ〉〉ω = 1+
∑
k
V effkασ〈〈ckσ ; d
†
σ〉〉ω + U
ir〈〈nˆd−σdσ; d
†
σ〉〉ω (A5)
where Bσ =
∑
k αV Vkα(〈d
†
−σck−σ〉+ 〈c
†
k−σd−σ〉) is the correlation parameter.
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To obtain the ir〈〈nˆd−σdσ; d
†
σ〉〉ω function, we will use the differentiation with respect to the second time variable
(see Eq. (3)). The method of differentiation with respect to the first and second time variable was widely used by
Tserkovnikov [77, 78] and Kuzemsky [55]. Using Eq. (3) we obtain the equation:
(ω − εd − Und−σ −Bσ)
ir〈〈nˆd−σdσ; d
†
σ〉〉ω =
∑
k
V effkα
ir〈〈nˆd−σdσ; c
†
kσ〉〉ω + U
ir〈〈nˆd−σdσ; nˆd−σd
†
σ〉〉
ir
ω (A6)
For the function ir〈〈nˆd−σdσ; c
†
kασ〉〉ω , after using Eq. (3) and the Hartree-Fock approximation, we obtain:
(ω − εkασ + µ)
ir〈〈nˆd−σdσ; c
†
kασ〉〉ω = V
eff
kα
ir〈〈nˆd−σdσ; d
†
σ〉〉ω (A7)
Using Eq. (A7) in (A6) we obtain:
(
ω − εd − Und−σ −Bσ − iΓ
eff
σ (ω)
)
ir〈〈nˆd−σdσ; d
†
σ〉〉ω == U
ir〈〈nˆd−σdσ; nˆd−σd
†
σ〉〉
ir
ω (A8)
where iΓeffσ (ω) =
∑
kα
|V effkασ|
2
ω−εkασ+µ
.
Using the symbols:
G−1dσHF(ω) = ω − εd − Und−σ −Bσ − iΓ
eff
σ (ω) (A9)
and
Fdσ(ω) =
ir〈〈nˆd−σdσ; nˆd−σd
†
σ〉〉
ir
ω = 〈〈(nˆd−σ − nd−σ)dσ; (nˆd−σ − nd−σ)d
†
σ〉〉ω (A10)
with the Eqs. (A5) and (A8) we obtain the relations for the one-particle Green function of the quantum dot:
〈〈dσ ; d
†
σ〉〉ω =
1
ω − εd −Bσ − iΓeffσ (ω)− Σdσ(ω)
(A11)
where the self-energy for Coulomb interaction is equal to
Σdσ(ω) = U〈nd−σ〉+
U2Fdσ(ω)
1 + U2Fdσ(ω)GdσHF(ω)
. (A12)
The obtained relation for the one-particle Green function of a quantum dot is modified by the assisted coupling of the
two correlated effects: the spin dependent effective hybridization function and the spin dependent shift of the quantum
dot energy. The self-energy for the Coulomb interaction is a sum of the Hartree-Fock part and the higher order part
depending on the irreducible function Fdσ(ω). One should be mentioned that for Fdσ(ω) we use the functional form
of the higher-order irreducible Green functions (see Appendix B).
Appendix B: The self-energy of correlated quantum dot
The higher-order part of the self-energy for Coulomb interaction, given by Eq. (A12), contains the complex prefactor[
1 + U2Fdσ(ω)GdσHF(ω)
]−1
, which for high values of U does not allow for self-consistent solution at some energies ω.
In order to avoid this error we replaced the Green function GdσHF(ω) by the parameter A1, which is chosen in such
a way to reproduce the exact result in the atomic limit [44, 46]
Σdσ(ω) = U〈nd−σ〉+
U2Fdσ(ω)
1 +A1U2Fdσ(ω)
. (B1)
To obtain the irreducible function Fdσ(ω) we have using the spectral theorem:
ir〈〈nˆd−σdσ; nˆd−σd
†
σ〉〉
ir
ω =
1
2pi
∞∫
−∞
[exp (βω′) + 1] dω′
ω − ω′
×
∞∫
−∞
exp (iω′t)ir〈
[
d†−σ(t)d−σ(t)d
†
σ(t), d
†
−σ(0)d−σ(0)dσ(0)
]
+
〉irdt (B2)
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For the irreducible correlate function ir〈
[
d†−σ(t)d−σ(t)d
†
σ(t), d
†
−σ(0)d−σ(0)dσ(0)
]
+
〉ir we will use the decouple
scheme:
ir〈
[
d†−σ(t)d−σ(t)d
†
σ(t), d
†
−σ(0)d−σ(0)dσ(0)
]
+
〉ir = 〈d†−σ(t)d−σ(0)〉〈d−σ(t)d
†
−σ(0)〉〈d
†
σ(t)dσ(0)〉
−〈d−σ(0)d
†
−σ(t)〉〈d
†
−σ(0)d−σ(t)〉〈dσ(0)d
†
σ(t)〉 (B3)
where the two-operator correlation functions with the same time variable are omitted (see (A4)).
For the two-operator time correlation functions we use
〈A†(0)B(t)〉 =
1
~
∞∫
−∞
SAB(ω
′)dω′
exp (βω′) + 1
exp
(
−
i
~
ω′t
)
(B4)
and
〈B†(t)A(0)〉 =
1
~
∞∫
−∞
SAB(ω
′) exp (βω′)dω′
exp (βω′) + 1
exp
(
−
i
~
ω′t
)
(B5)
where SAB(ω
′) = − 1
pi
Im〈〈B,A〉〉ω′ .
Fdσ(ω) =
i
2pi
∞∫
−∞
dx
F>dσ(x) − F
<
dσ(x)
ω − x+ i0+
, (B6)
where
F><dσ (x) ≈
1
(2pi)2
∫∫
g<>d−σ(y)g
><
d−σ(z)g
><
dσ (x− z + y)dydz (B7)
The g<>dσ (x) functions in Eq. (B7) are the effective lesser g
<
dσ(x) = −i2pifeff(x)Img
eff
dσ(x) and greater g
>
dσ(x) =
i2pi [1− feff(x)] Img
eff
dσ(x) Green’s functions.
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